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Abstract
A number of numerical simulations of lattice gauge theory have indicated a low
mass of the strange quark in 100 MeV range at µ = 2 GeV. Unquenched sim-
ulations including the sea quark effects at the nf = 2 level indicate a further
downward trend. Here we recalculate the fermion mass spectrum from the Fr-
tizsch texture scenario. We show that in a single step GUT with MX  1016 GeV
such values of the strange quark mass can be obtaineded in the low tan β region.
We have used mpolet = 173  6 GeV and, 4.1 < mb(mb) < 4.4 GeV which includes
the supersymmetric gaugino loop contributions in addition to the usual tree level
Yukawa contribution, whereas the upper bound of the mixing parameter Vcb is
taken at 0.045
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The strange quark mass has been traditionally calculated using the cur-
rent algebra mass ratio[1]
ms
mu + md
= 12.6 0.5 (1)
Equation (1) is evaluated inputting the value of (mu + md) reported in the
calculations of QCD nite energy sum-rules (FESR). At the two-loop level
of perturbative QCD calculations which include non-perturbative corrections
up to dimension six we have the result[2]
(mu + md)( 1 GeV) = 15.5 2.0 MeV (2)
For αs = 0.118 the results of (1) and (2) together lead to
ms(1 GeV) = 195 28 MeV or ms(2 GeV) = 150 21 MeV. (3)
The ratio
ms(2 GeV)/ms(1 GeV) = 0.769 for αs(mZ) = 0.118 (4)
can be obtained by solving the renormalization group equations[4]. A system-
atic uncertainty of the above result lies in the reconstruction of the spectral
function from the experimental data of resonences. When a separate func-
tional form of the resonance is adopted[3] and three loop order perturbative
QCD theory is used one obtains
(mu + md) (1 GeV) = 12.0 2.5 MeV (5)
If we insert (5) in (1) we get
ms(1GeV) = 151 32 MeV or ms(2GeV) = 116 24 MeV. (6)
Again this translation from the scale 1 GeV to the scale 2 GeV is obtained
for the case αs = 0.118. It has been remarked in Ref. [5] that it is indeed
dicult to account for vacuum fluctuations or the sea quark eects generated
by quarks of small masses in perturbative QCD calculations. Thus numerical
simulations of the strange quark mass on lattice becomes rather attractive,
especially if the simulation includes the virtual light quark loop eects.
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The up and down type quarks dier only in U(1)em quantum numbers in
a low energy eective theory where the gauge symmetry is SU(3)cU(1)em.
Lattice calculations in current literature have for the most part neglected
the eects of U(1)em which distinguishes the up quark from the down quark.
We note that we are describing the lattice in terms of a low energy eective
theory of a few GeVs where the light quark masses are descibed in terms of
the relevent observables pertaining the their own scales, which are the meson
masses and decay constants. Thus lattice simulations determine ms,
mu+md
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and the lattice spacing a inputing three hadronic observables. They can
be chosen, for example, as Mpi, MK∗, fpi. Due to the structure of equations
which needs to be tted the scale a can also be taken as a function of some
other observable, for example, it may choosen as a(Mn) or a(M∆) etc. The
results depend on the choice of the observale that ts the lattice spacing. The
best choice would be the one which has minimum experimental uncertainty
and the best result would be a clever weighted average of the results from
various choices. A test of the simulations is obviously to see whether the
results using various observables as input give results which are statistically
consistent with each other.
Next question is how to input quark masses on a theory living on a
discritized lattice. Here the vaious detions or formalisms of quark masses
enter. Ref.[6] uses the denition in terms of the hopping parameter κ of the
lattice
a mbare = log (1 + (1/2κ− 1/2κc)), (7)
for Wilson-like fermions. In the continuum limit a ! 0 and there we get
the hopping parameter κ = κc = 1/8. A smaller hopping parameter makes
the lattice more sticky and the fermions sit on the lattice points for a longer
time, or in other words behave as if they were heavier.
There are vaious other formalisms of dening the mass of the fermions
on the lattice such as stagerred fermions or domain wall fermions. Most of
the calculations, however, use the Wilson action for various denitions of
the fermion mass. Next question is to calculate the MS mass at a scale µ
starting from the lattice estimate of the bare mass (7) using, for example,
the mass renormalization constant Zm(µ) relating the lattice regularization
scheme to the continuum regularization scheme. The lattice regularization
prescription is given in Ref[7]. The Zm constants for various formalisms such
as Wilson-like or Staggered are given in Table(1) of [6]. Final results of the
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physical quark mass for various detions of the fermion on a lattice dier
O(a) among each other and we expect to get the same result of the physical
quark mass in the continuum limit when a! 0.
Beyond the minimal lattice simulation of the light quark masses using
the heavy quark eecive theory, the next step would be to incorporate the
sea quark eects in the simulations. From the conservation of energy we
understand that it is easiest to produce the lightest of the quarks virtually.
Indeed such simulations have been performed. They are termed nf = 2 un-
quenched lattice simulations. The following table1 summarizes the result.
The detailed processes of numerical simulations are described in the respec-
tive papers. We have summarized the results of (A)[8](B)[9] (C)[10](D)[11]
(E)[6](F)[12] (G)[13]
reference quenched dynamical (1/a)callibration ms(MeV )
A yes mφ 143 6 & 115 2
B yes mφ & mK 130 20
C yes mpi & mK 122 20
D yes mK∗ 111 12
E yes mρ 110 31
F yes mpi & mK 108 4
G yes 1S − PS splitting 95 16
A yes mρ 70 & 80
D yes mρ 68 19
G yes 1S − PS splitting 54− 92
Table 1: Reference G uses 1S-PS splitting of the charmonium system to
calibrate (1/a). Reference A quotes two dierent results for two sets of input
parameter. All results are at the scale µ = 2 GeV
On the experimental side we take the bottom quark mass in the range
4.1 < mb(mb) < 4.4 GeV (8)
according to the review of particle properties (PDG) tables[14]. On the
theoretical side we re-express the bottom mass in terms of the parameters of
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the Minimal Supersymmetric Standard Model(MSSM). We split up the tree
level contribution which is related straight to the Yukawa texture and the





















Here mg˜ is the gluino mass µ is the µ parameter and meff is averaged su-
persymmetry breaking mass scale. We are going to discuss a scenario where
the rst term of the bottom quark mass comes from diaginalizing a Fritzsch
Yukawa texture. The second term can be estimated to be around 2 GeV.
Thus we will be satised if the Fritzsch Yukawa contribution is in the range
2.1 < mtextureb < 6.4 GeV (10)
Next question is in regard to tanβ. Suppersymmetry, togather with the
gauge quantum number structure of the fermions demands that at least two
Higgs doublets are necessary. Thus the ratio of the VEVs of the two Higgs
doublets is an unavoidable parameter given the value of the eective four-
Fermi coupling VF . There are perturbative bounds on tanβ in the context of
Grand Unied Theories (They can be extended to supersymmetric theories
without grand unication if MSSM is valid up to a certain high scale, say
the Plank scale). In practice there are two regions of parameter space for
tanβ which are allowed from perturbative considerations. One in the low
tanβ region and another is in the high tan β region[16]. Then again the high
tanβ scenario has constraints from charge and color breaking[17, 18]. To the
best of our knowledge there is no comprehensive paper in the literature which
pins down tanβ taking into account the perturbative unitarity of the Yukawa
couplings together with charge and color breaking which will possibly allow
only the small tanβ domain. Thus to make a safe analysis we will choose for
the purpose of this paper
tan β = 2. (11)
Now we focus on the texture part. It has been noted that the quark
mixing angle Vus, which is a dimensionalless quatity, can be thoght of as a
ratio of the mass scales at which the flavor symmetries (which lead to the
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mass hierarchy between families) break. Phenomenologically of course, the







If there are two Higgs doublets instead (12) remains untouched as the ratio
of the VEVs of the doublets cancell in the ratio on the RHS. Thus it cannot
feel tan β.
Fritzsch mass matrices[19, 20] can be thought of as a set of mass matrices










Where mi are the eigenvalues of the Fritzsch mass matrices. Thus the phase
σ which is a parameter of the Fritzsch postulate must be chosen to be very
nearly pi
2























The detailed derivation of these relations were performed approximately six-
teen years ago[21]. We need a cancellation among the two terms in the RHS
of (14). To achieve this we will choose













It is easy to check that (17) forces the top quark mass too light to be
experimentally true. Thus it is worth asking the question whether if the
Fritzsch were valid at the GUT scale instead, in other words, if the flavor
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symmetries were exact only above the GUT scale, could a miracle of renor-
malization group evolution of the masses and mixing angles make the Fritzsch
relations valid at low energy[22].
We will be dealing with full 3  3 complex Yukawa matrices and their
remormalization up to the GUT scale MX = 10
16.2 GeV. Let us set our
notations of the mixing angles, the non-removable phase and eigenvalues of
the Yukawa matrices. We adopt the parametrization[23] s1s2c3 + c1c2e
iφ c1s2c3 − s1c2eiφ s2s3
s1c2c3 − c1s2eiφ c1c2c3 + s1s2eiφ c2s3
−s1s3 −c1s3 c3
 . (18)
There is a detailed proof in Ref.[23] that in this parametrization the eigenvalues
yi of the Yukawa textures, the three CKM mixing angles and the CP violating





















































ln yτ = −ceig2i + 3y2b + 4y2τ . (19)
We have solved these one-loop equations numerically using Mathematica
NDSolve subroutine. The flow chart follows this line. We take all experimen-
tally possible values of the mass eigenvalues but only the central values of
the angles at low energy as input. We run them to the GUT scale using (19).
At the GUT scale we evaluate the predictions for Vcb Vus and Vub assuming
that the Fritzsch relations are valid only at the GUT scale and beyond. Next
we run the predictions of CKM entries back to low energy using (19) but
this time we use exact values of the angles not the central values and check
whether each individual value of masses and mixings remain within the ex-
perimentally allowed values of masses and mixings. For the stange quark
mass we use the values quoted in Table(1) whereas for all other masses and
mixings we use the value quoted by review of particle properties[14]. Our







Table 2: Our results are quoted for tanβ = 2. All other masses and mixings
remain within the ranges quoted by the Review of Particle Properties.
Here is a brief comment on larger values of tanβ. We have checked that
for tanβ = 30 the strange quark mass prediction becomes (74.1 , 71.9, 69.8)
MeV instead of (63.8, 61.5 59.9) MeV in the last column of table(2).
In conclusion we have studied the nf = 2 unquenched lattice simulations
of the strange quark mass in the context of the Fritzsch texture. Previous
calculations in this line exist in the literature. We have incorporated two
new aspects. Bearing in mind that the combined eect of charge and color
breaking as well as perturbative unitarity of the Yukawa couplings may rule
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out the large tanβ scenario we have studied the low tanβ scenario. Secondly,
supersymmetric corrections to the bottom quark mass is included in the
analysis. Actually the supersymmetric corrections to the bottom quark mass
and the low tanβ scenario goes hand in hand. This is in the sence that in
the low tanβ regime Fritzsch texture demands a large Yukawa contribution
to the bottom quark mass. This is partially cancelled by the supersymmetric
loop corrections. A more complete analysis would be in include ranges of
values of tanβ allowed by perturbative unitarity of the Yukawa couplings
togather with charge and color breaking. We have shown that the original
Fritzsch texture is consistent with experimental data if it holds at the GUT
scale. We have got the strange quark mass to be near 60 MeV for the central
value of αs = 0.118. This range is consistent with nf = 2 sea quark eect
improved lattice simulations of the strange quark mass.
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